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Generalised structure of manifold

Objective

Objective

We want to solve geometric problems in sets that don’t have the
structure of a smooth manifold.

We want to cover ANY subset of a manifold, that is, of Rn, by a
maximal foliation.

It should be a singular foliation: with various dimensional leaves.
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Integrability

Previous steps

Singular foliation

Smooth singular foliation

Is a partition of a smooth manifold M of dimension n into a disjoint union
of manifolds F := {F(x)} called leaves that satisfies the local property:

For each x ∈ M, if dim(F(x)) = k , there is a chart of M in a
neighbourhood U of x such that {yk+1 = · · · = yn = 0} is the
path-connected component of F(x) ∩ U that contains x , and each
{yk+1 = ck+1, . . . , yn = cn} it wholly contained in some leaf of F

{
yk+1 = · · · = yn = 0

}

{
yk+1 = ck+1, · · · , yn = cn

}

φ
x

(0, . . . , 0)
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Generalised structure of manifold

Integrability

Frobenious Theorem

Integrability

We are going to find this foliation by finding its tangent
distribution. But, When is a distribution the tangent distribution
of a foliation? When is it integrable?

With regular foliations:

Frobenious Theorem

A regular distribution D is integrable if and only if it is involutive:

[X ,Y ] ∈ D ∀X ,Y ∈ D,
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Integrability

Stefan-Sussman Theorem

Stefan-Sussman

For singular foliations, we have:

Stefan-Sussman Theorem

A singular distribution is integrable if and only if it is generated by
a family C of vector fields and:

Txφ
X
t (Dx) = Dx ∀X ∈ C
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Integrability

Stefan-Sussman Theorem

It is indeed a necessary condition, since it implies being involutive:

X
Y

φX
t

φY
s

Tpφ
X
t (Y (p))

p

T qφ
X
t (Y (q))q
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Integrability

Stefan-Sussman Theorem

And it is sufficient, because we can construct a foliated chart with
the flows of C :

X
Y

φX
t

φY
s

p

q

Z

φZ
u

R2
(s, u)

φY
s ◦ φZ

u
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Characteristic foliation

Introduction to Lie groupoids

Groupoids

Algebraic groupoid → A set Γ with a binary partial operation, with
units and inverse, that is associative.

For example, the composition of invertible morphisms:

α(g) β(g) = α(h) β(h)

g h

h · g
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Characteristic foliation

Introduction to Lie groupoids

α(g) β(g) = α(h) β(h)

g h

h · g

In this example we have plenty of maps:

1 The ”source” α and the ”target” β

2 The composition operation (g , h) 7→ g · h
3 The inversion map g 7→ g−1

4 The identity map ϵ

And there must exist a set were α and β go, and where we want
the identities to exist. Let’s call it M.
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Characteristic foliation

Introduction to Lie groupoids

Definition

A Lie groupoid is a groupoid Γ ⇒ M where Γ and M are smooth
manifolds, the previous mentioned maps are smooth and the
source and the target are submersions.

ϵ(M)

M

Γ

Γx

ϵ(x)
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Characteristic foliation

Definition

Characteristic foliation

Groupoids

Given a subgoupoid Γ of Γ, is the distribution generated by the
local vector fields X ∈ Xloc(Γ) that are:

(i) Invariant by left translations.

(ii) The flow φX
t of X at ḡ is contained in Γ, ∀ḡ ∈ Γ.

ϵ(M)

M

Γ
Γx

ϵ(x)

Γ
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Characteristic foliation

Groupoids

Given a subgoupoid Γ of Γ, is the distribution generated by the
local vector fields X ∈ Xloc(Γ) that are:

(i) Invariant by left translations.

(ii) The flow φX
t of X at ḡ is contained in Γ, ∀ḡ ∈ Γ.

The characteristic
distribution is invariant by
this family of vector fields
that generate it, so is
integrable.

ϵ(M)

M

Γ
Γx

ϵ(x)

Γ
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Characteristic foliation

Results

Characteristic foliation

Theorem 11

Given a subgroupoid Γ of the Lie groupoid Γ ⇒ M, there exists a
foliation F of Γ such that Γ is a union of leaves of F

Theorem 22

There is also a foliation F of M, called the base-characteristic
foliation of Γ such that for each x ∈ M there exists a transitive Lie
subgroupoid Γ(F(x)) of Γ with base F(x).

And these foliations are maximal.

1V́ıctor M. Jiménez, Manuel de León, Marcelo Epstein (2018) Characteristic
distribution: An application to material bodies, Journal of Geometry and
Physics

2́Idem
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1V́ıctor M. Jiménez, Manuel de León, Marcelo Epstein (2018) Characteristic
distribution: An application to material bodies, Journal of Geometry and
Physics

2́Idem



Generalised structure of manifold

Characteristic foliation

Results

Characteristic foliation

Theorem 11

Given a subgroupoid Γ of the Lie groupoid Γ ⇒ M, there exists a
foliation F of Γ such that Γ is a union of leaves of F

Theorem 22

There is also a foliation F of M, called the base-characteristic
foliation of Γ such that for each x ∈ M there exists a transitive Lie
subgroupoid Γ(F(x)) of Γ with base F(x).

And these foliations are maximal.
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Conclusion

Application

Applying Theorem 1 to the pair groupoid M ×M ⇒ M, we get:

Theorem 3

Given a smooth manifold M and N be a subset of M, there exists
a maximal foliation F of M such that N is union of leaves.
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Conclusion

Application

In this case, the tangent distribution is generated by the vector
fields X ∈ Xloc(M) such that:

φX
t (x) ∈ N ∀x ∈ N
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Conclusion

Further questions

Any manifold with corners or boundary is a union of leaves of
a foliation, so when is N a manifold with boundary?

Can we assign to N a diffeological structure so that it has
constant dimension?
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